Submitted to Phys. Rev. D 



The consistency relation in braneworld inflation 
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The braneworld cosmology, in which our universe is imbedded as a hypersurface in a higher 
dimensional bulk, has the peculiar property that the inflationary consistency relation derived in 
a four-dimensional cosmology persists. This consistency condition relates the ratio of tensor and 
scalar perturbation amplitudes to the tensor spectral index produced during an epoch of slow-roll 
scalar field inflation. We attempt to clarify this surprising degeneracy. Our argument involves 
calculating the power spectrum of scalar field fiuctuations around geometries perturbed away from 
the exact de Sitter case. This calculation is expected to be valid for perturbations which would not 
cause a late-time acceleration of the universe. We use these results to argue that the emergence 
of the same consistency relation in the braneworld can be connected with a specific property, that 
five-dimensional observables smoothly approach their four- dimensional counterparts as one takes 
the brane to infinite tension. We exhibit an explicit example where this does not occur, and in 
which a consistency relation does not persist. 



PACS numbers: 98.80.Cq 



I. INTRODUCTION 



Recent experimental results from the WMAP project 
have lent strong support to the view that the ob- 
served homogeneity, isotropy and small-scale structure 
of the universe arises from an early period of acceler- 
ated expansion driven by a quantum field, the inflaton, 
that violates the weak energy condition. Although other 
possibilities exist 0, 13 , the prototypical candidate for a 
matter component capable of supporting an inflationary 
epoch of this type is a scalar field. 

During inflation, all light flclds (mass m < 3i//2, 
where H is the Hubble parameter during inflation) are 
excited and pick up a nearly scale invariant fluctuation 
whose characteristics are controlled by the inflaton po- 
tential. In the later universe, the inflaton fluctuation 
is communicated (5|] to the curvature of spatial slices, 
seeding primordial structure formation, and observable 
today in the large scale distribution of the galaxies Q 
and fluctuations in the Cosmic Microwave Background 
(CMB). Since the graviton is also massless one would 
expect small tensor perturbations to have been excited. 
Because of the extremely weak gravitational coupling, 
these perturbations would essentially not interact with 
other constituents of the universe on their journey to- 
wards us and could in principle be observable today, for 
example via its imprint in the polarisation field of the 
CMB, or with gravitational wave observatories coming 
on-line over the next decade. These tensor perturbations 
would almost certainly still be in their primordial state 
and could offer great insight into the early universe. In 
this case one would have four possible observables, the 
curvature amplitude, A^, and spectral index, tiq, and 
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the tensor amplitude, A|,, and spectral index, tlt. 

Since these quantities are all determined in the scalar 
field inflationary model by properties of the scalar poten- 
tial, one expects to find some relation between them. In 
the context of standard cosmology, one finds 
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to lowest order in the slow-roll approximation (see, eg., 
Ref. Q)- One can also calculate the next-order term in 
the slow-roll expansion _^], which does not preserve the 
functional form of Eq. 

Over and above the general current evidence in favour 
of an inflationary-like epoch, an observation of this rela- 
tion in the real universe would provide extremely strong 
support for a minimal scalar field model. More complex 
models, such as those containing isocurvature modes, 
weaken this to an inequality, while observing an excess of 
primordial gravitational power would be a severe blow to 
the inflationary programme. However, we should stress 
that the exact non-perturbative relation between observ- 
ables is not known; except in special cases, one does not 
know how to calculate away from the slow-roll approxi- 
mation. 

Over the last few years there has been considerable 
interest in cosmological models supporting large, extra 
dimensions fiol Hlf , motivated by developments in M- 
theory 0, Il3l |. It is therefore natural to ask both how 
inflation is implemented in these scenarios, and what 
possible modifications arise in its predictions for late- 
universe observables [T3 . Il5l |. Here one discovers a re- 
markable surprise. Although predictions for the tensor 
and scalar amplitudes and spectral indices are modified 
because they are sensitive to the behaviour of gravity 
in the large extra dimensions, the lowest-order consis- 
tency relation Eq. survives J, 6, .17J. This is a non- 
trivial feature of the model, and at the time of writing 
we are not aware of any simple argument which demon- 
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strates why this should be true. The unexpected appear- 
ance of the persistence of the consistency relation in the 
braneworld potentially jeopardizes the hope of observa- 
tionally reconstructing the inflaton potential . Hence 
an understanding of the origin of this degeneracy, and in 
particular deciding if it is universal, is essential to the 
inflaton potential programme. 

In this paper, we clarify the circumstances under which 
one expects degeneracies between brane cosmology and 
conventional cosmology to persist. The consistency rela- 
tion, Eq. , is derived in the brane and four-dimensional 
cases equally by calculating and using quantum 
field theory for the idealization of a perfect de Sitter 
cosmology, where the Hubble parameter, is a con- 
stant. One then derives and ut by supposing that H 
is changing extremely slowly, so that the approximation 
of a constant H over any few e-folds of inflation should 
be good. We will argue that the persistence of Eq. ^ 
can be regarded as a particular feature of this model: the 
tensor spectrum, A^, calculated in the brane world joins 
smoothly with the four-dimensional result as one decou- 
ples the brane from its surrounding environment. We 
verify this expectation by constructing an explicit exam- 
ple containing a small perturbation away from the exact 
de Sitter solution. This perturbation could be consid- 
ered as a model of a bulk-brane interaction, or simply 
as an imbedded cosmology close to, but not exactly co- 
inciding with, the de Sitter brane. One can successfully 
calculate the relevant amplitudes and spectral indices in 
this model, to first order in the perturbation. However, 
one finds that it is not possible to smoothly join the 
five-dimensional result to four-dimensional physics as one 
takes the brane to infinite tension. As a result, one does 
not recover a consistency relation. 

This paper is organized as follows. In Section ITU we 
briefly review the calculation of the 4-D amplitudes and 
spectral indices and present a new derivation of the 5-D 
braneworld within the framework of Quantum Field The- 
ory (QFT), both as a convenient reference for the later 
discussion and to establish our notation. In Section imi we 
discuss the consistency relation in the four-dimensional 
case and in the braneworld. In Sections llVtfVl we calcu- 
late the effect of an arbitrary density perturbation 5p{t) 
on the scalar field power spectrum in the four- and five- 
dimensional cases. We begin with an exact de Sitter cos- 
mology fixed hy H = constant, and introduce some small 
perturbation 5H{t). We assume it is still valid to treat 
the scalar field fluctuation 50 as a free, massless field 
propagating on this background. The two-point function 
of 54) can then be calculated both in the brane cosmol- 
ogy and the four-dimensional universe. In Section IVII 
we apply the results obtained in Sections IIVI fVl to study 
consistency relations in four and five dimensions. Our 
strategy is to write a relationship between observable pa- 
rameters in the four dimensional case, and ask whether a 
comparable relationship holds in the braneworld. In fact 
it will turn out that the presence of a small perturbation 
prevents such a relationship. Finally, we state our con- 



clusions fSection lVIIII . Some material extraneous to the 
main text involving normalization of the graviton zero 
mode is presented for reference in an Appendix. We be- 
gin by reviewing the QFT calculation of the power spec- 
tra in four dimensions and presenting a new calculation 
in the 5-D braneworld. 



II. THE FOUR- AND FIVE-DIMENSIONAL 
LOWEST ORDER RESULTS 

Scalar field inflation is based on free, massless field 
theory. If is the inflaton with some potential V{(f), 
then one treats the gross evolution of (j) classically with 
the addition of some fluctuating part Sip which is to be 
treated quantum mechanically. It is a good approxima- 
tion to take Scf) to be a free, massless field. The inflaton 
fleld (j) itself will not enter into our considerations, so for 
the remainder of this paper we simply drop the 5 from 
the fluctuating field Scj). 

A. 4-d scalar power spectrum 

Accordingly, let (j) he a, free, massless scalar field. Its 
correlation functions are controlled by the functional in- 
tegral, 

{(pixi) ■ • •(/)(x„)) = 

j [V(f\ • • • (/)(x„) exp l^^-jjix (^D 0^ , (2) 

where M. is the background spacetime with metric g^^ 
and invariant volume measure dx, and we have cho- 
sen units in which H = \. The operator □ = V^V^, 
where is the covariant derivative compatible with 
f/i/^. One can evaluate the functional integral in Eq. (0) 
explicitly, for example for the two-point function. In 
this case Wick's theorem shows that {(j){xi)(t){x2)) = 

Now let A4 be de Sitter space. We choose local coor- 
dinates in which the metric takes the form 

ds^ = {-dT^ + % dx' dx') . (3) 

There are three Killing vectors d/dx^ which act tran- 
sitively on slices r = constant. The points xi and X2 
have coordinates xi = {ti,Xi), x^ = {t2,X2). Here, 
Xi, X2 e M'^ but one can choose the range of r. To 
cover the entire manifold, one takes t e M. The spa- 
tial slices in this case are S^. Alternatively one can 
work on the half space r G M~ = (— oo,0] which cor- 
responds to the portion of the manifold covered by the 
cosmic-time form of the metric with flat spatial slices, 
ds'^ = —dt^ + e^^^Sij dx^ dx^ . This choice is particularly 
common and convenient when discussing inflation. In ei- 
ther case, the infinite past corresponds to r — s- — oo. We 
work on the full space r G M because it is easier to get 
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the boundary conditions right, but in any case t usually 
appears in the combination fcr with some wavenumber k, 
and we will take the large scale limit fc — > 0. In this case, 
one finds that if ti > T2 the propagator satisfies (see, eg., 

Imj) 



{(p{xi)(p{x2)) = 



3 (27r)3 4fc 
xX(2)(_fc^2)e-''=-(^^-^^\ (4) 



where 



L 



for n = l,2. 



(5) 



The boundary conditions here are chosen to correspond 
with the adiabatic (Bunch-Davies) vacuum prescription 
[20I p. 132], that Eq. Q is close to the flat space limit, ^ 
g-'^kl^ whenever the wavevector is small (fc — > 00) com- 
pared to the curvature of spacetime or when approaching 
the asymptotically early or late times, r — s- ±00. Since 
(j) is free, there are no singularities requiring renormal- 
ization in the operator product expansion, although the 
propagator is log divergent in both the ultra-violet and 
infra-red. One can take the xi X2 limit to find an 
effective variance, ^^(x) = {cj){x)(j){x)) , which satisfies 

alir) = [Hrf £^-^L^^)i-kr)L^^{-krl (6) 

where ti = T2 = r. This is independent of the spatial 
coordinates x. 

Throughout this paper the power spectrum, A^, of 
some field, X, is defined as 

A|(fc) 



din fc ' 



(7) 



where a\ is the variance in X. The power spectrum 
on large scales, fc ^ 0, approaches the well-known finite 
limit 



B. 4-d tensor power spectrum 

Linear gravitational waves consist of small perturba- 
tions Eab to the metric: 



ds^ = {riab + Eab)dx°- dx^. 



(11) 



As a representation of the Lorentz group, the metric per- 
turbation Eab is reducible |22j |. To pick out the pure 
spin-2 contribution one imposes the condition that Eab 
be transverse (V°i?ab = 0) and traceless [Ti Eab = 0) 
with respect to the Lorentz metric i^ab- 
The gravitational action is 



S = 



1 

'2^ 



dx R, 



(12) 



where R = Ti Rab is the trace of the Ricci tensor. To 
find an action for Eab one expands R to second order in 
Eab- The result is 



1 

'84 



dxE'^'DEab, 



(13) 



where □ = V°Va is still the scalar d'Alembertian. Thus, 
the Lorentz indices (a, b) of Eab are not noticed and ef- 
fectively label an internal 50(3, 1), so that Eab behaves 
like some number of fields in the trivial (scalar) repre- 
sentation of the Lorentz group. One includes one such 
field for each polarization state of the graviton. In four 
dimensions, there are two such polarizations; it is con- 
ventional to label one polarization by + and the other 
by X . This means that the action for gravitational per- 
turbations is the same as two copies of the scalar action, 
Eq. Q , except that the overall normalization is changed 
by a factor (4^4)"^. As a result, the gravitational power 
spectrum satisfies 



A| 



S^iA 



(14) 



iH/2n) 



(8) 



The intrinsic curvature perturbation 5] induced by 
this fluctuation in the scalar field satisfies C = Hd(p/(l), 
where (j) is the classical background evolution. Our con- 
ventions for this quantity coincide with Rcf. 21] . There- 
fore, 



A^ = iHy^')Al. 



(9) 



One can now define a sequence of observables based 
on logarithmic derivatives of A^- with respect to logfc. 
The two lowest members of this sequence are the spectral 
index, nx, and its running, rx- 



nx 



and rx = 'y±. (10) 



c? logfc 



d[logfc]2 



C. 5-d braneworld 

In the braneword, one works on an anti-de Sitter or 
Schwarzschild-anti de Sitter (SAdS) JH, 23, 24, 25, 2| 
manifold M. with an imbedded hypersurface S. Through- 
out this paper, we consider only the pure anti-de Sitter 
case. The hypersurface S supports the various matter 
and gauge fields which comprise our cosmology. The met- 
ric is taken to be 



ds^ = -n^{t, y) dt^ + a^{t, y)5^j dx' dx^ + dy^. (15) 

One can replace Sij by the metric jij of any maximally 
symmetric three-geometry. The brane is considered to 
be imbedded at y = with a Z2 symmetry, and the 
metric functions a(t, y) and n{t, y) depend on the four- 
dimensional brane geometry. For this reason, Eq. (|15|) is 
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not a product manifold; this is sometimes expressed by 
saying that M is a warped compactification. 

The Z2 symmetry act s by y 1— > —y and is motivated 
from heterotic M-theory 12, TS]. We loosely refer to this 
construction as an orbifold; one can choose either to work 
on the full orbifold, or the line interval corresponding to 
just one half. In general we will work on the y > branch 
rather than on the full space; this makes no difference to 
computations, except that factors of 2 must occasionally 
be added by hand. 

Except in the case that the brane is empty ^3|> these 
coordinates cover only a patch of AdS |2^ , so the coordi- 
nate y does not take on unboundedly large values but in- 
stead only assumes values in some interval y G [—yh, yh]- 
In the y > picture, we restrict y to y G [0,yh]. The 
location of the coordinate horizon at y = y^ depends on 
the brane tension and matter theory 15;]. 

The effective Einstein equations on the brane were 
found in |2!|| . They are, with K4 and k| the four- and 
five-dimensional gravitational couplings respectively. 



Gab 



Eab 



(16) 



where Gab is the effective four-dimensional Einstein ten- 
sor. Tab is the energy-momentum tensor of whatever 
matter and gauge degrees of the freedom reside on the 
brane, TTab is quadratic in T and E is the limit as one 
approaches the brane of the 'electric' part of the Weyl 
tensor in the bulk. The hierarchy of Planck scales is con- 
trolled by a parameter /z. 



/i = — 



Ml 
Mi' 



(17) 



The Friedmann equation receives quadratic corrections 
from the term TTab, involving the inverse brane tension A 



3 



1 



2A 



(18) 



If there is no four-dimensional cosmological constant, 
then the hierarchy parameter /x is the AdS curvature scale 
and is related to A by 



_ 6/x 



(19) 



For future use, we note that the A — + limit can be 
identified with /i — > at fixed K5, and similarly as A — > 
00. The A — > limit sends K4 to zero and so switches off 
four-dimensional gravity on the brane. 

The explicit form of a{t,y) and n{t,y) is, for a, |28| | 



Hi 

2^^ 



[cosh2^(y,, - y) - 1] , 



(20) 



and the conventional choice of n = a/af,, 



ab /ab^'^ H 

a \ a / 



cosh 2/i (2/0 



(21 



and flb refers to the scale factor on the brane, a(t, y = 0). 
The quantities yh{t) and yoo{t) are defined by, which are 
functions of t. 



tanh 2/i?/^ = 
tanh 2iJ,yoo = 



1 + i/2/2^2 ' 

1 



(22) 



Clearly, from Eq. H2U|) . y — y^ is always a zero of a and 
defines a Cauchy horizon or coordinate singularity, where 
the Gaussian normal coordiates used to write Eq. H15|l 
break down. There is an analytic extension beyond this 
horizon |24j . The location y = yh is a. global minimum for 
a. Although a always goes to zero at the Cauchy horizon, 
in general n does not; indeed, it is typically discontinu- 
ous there. However the values of a and n for y > y^ 
are not meaningful, so this discontinuity is not seen by 
observers in the spacetime. There is no simple geometric 
interpretation for y^o- 



D. 5-d scalar power spectrum 

Let ^ be a free massless scalar field propagating over E. 
Then the propagator for cj) is still defined by Eq. ^ (with 
integration over spacetime M replaced by integration 
over E) and is exactly the same as the four-dimensional 
case, Eq. © 113. 



E. 5-d tensor power spectrum 

The situation for gravitational perturbations is more 
com plic ated, and was first analysed by (see also Refs. 
[33, 113, 1121) in the Schrodinger picture. Here we repeat 
the calculation in a QFT. We will use this approach to 
generalize the calculation to an arbitrarily perturbed de 
Sitter brane in the Section |V| 

Let Eij be a small perturbation of the metric Eq. H15|l : 



ds'^ = -n^it, y) dt^ + a^{t, y)[5.,j + Ei-j) dx^ dx^ + dy"^ 

(23) 

where Eij is transverse and traceless with respect to the 
three-dimensional spatial metric Sij. Just as in four di- 
mensions, for the purposes of the resulting field theory, 
the indices act as internal 50(3) indices and E be- 
haves like two copies of a field in the trivial (scalar) repre- 
sentation of S0{3). Just as in any Kaluza-Klein type de- 
composition, in order to make up the full S0{3, 1) gravi- 
ton, one should include contributions from a graviscalar 
(j) and graviphoton Ai which arc the other components 
of a decomposition of perturbations to the metric un- 
der the isometry group of Eq. H15|l . We ignore <j) and Ai; 
they can be set to zero by a gauge transformation and do 
not contribute to the vacuum fluctuation during inflation 
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The two-point function for Eij satisfies 



X exp 



[VE^n] E'^{xi)E,j{x2) 



dx E''- 



M 



□kc. 



□y E, 



(24) 



where we have decomposed the 5-D braneworld 
d'Alembertian, Dbwi into two terms Dkc ^nd Dy, defined 

by 



□ k 



□v 



n 
n 



d_ 
dt 
d_ 
dy' 



-A, 



(25) 



Because Eq. (|15|) is not a product metric, and Dy 
are not the on- and off-brane d'Alembertians. Dkc; is sim- 
ilar to the Klein-Gordon operator on slices y — constant, 
but carries an overall y-dependencc owing to the fact that 
both n and a are in general functions of y. Similarly, Dy 
depends in general on both t and y. However, in the 
important special case that the brane is endowed with a 
de Sitter geometry H — 0, then these operators separate 
|l5j |. In this case Dy is an honest Sturm-Liouville oper- 
ator and one can write Eij as a sum over its harmonics. 
This also allows us to re-express the path integral mea- 
sure as a product of four-dimensional path integrals, and 
we make contact with the four-dimensional physics using 
this device. 

Following ^5 we define a set of weighted eigenfunc- 
tions, Saiy), of Dy by 



ny£^{y) = ~{a^/n^)£a.{y). 



(26) 



In Sturm-Liouville form this says [n^E'^)' +a'^n'^£a = 0. 
The £a can be chosen to be orthonormal in the standard 
inner product defined by this measure, ie., 



(Sc. I £, 



(27) 



where d^ijj) 



' dy, provided the Ea obey suitable 



boundary conditions at j/ = and y — yh', typically such 
boundary conditions are the Dirichlet-Neumann condi- 
tions mS'^ + nSa — 0, where m and n are independent of 
a. We have added a factor 2 by hand in the above equa- 
tion, to take account of the other branch of the orbifold. 
For physical reasons 15, 30] we choose the derivatives of 
the £a to vanish at y = and y ^ yh- The allowed values 
of a consist of a discrete zero-mode bound state at a = 
and a continuum of massive modes for a > SH/2. We 
now write Eij as an eigenfunction decomposition. 



Eij{T,x,y) 



yEZ{T,x)£^{y)st 



(28) 



to. To take advantage of this decomposition we rewrite 
the path integral measure as 



(29) 



and the two-point function becomes 

{E'^{xi,yi)E^j{xi,y2)) = 



/nt^^"] ( E K'K'£o.'iyi)£."iy2) 



X exp 




J2E:iD^,,-a')EA . 

UJ J 



(30) 



We have integrated over the transverse dimension, so all 
factors of n have disappeared from the measure and Dkc,; 
cf. Eq. (|27|l . Thus the field Eij behaves like a collection 
of four-dimensional Klein-Gordon fields with masses de- 
scribed by the allowed values of a. At low energies, or 
during inflation, only the a = zero-mode will be ex- 
cited, so since Eq is independent of y, one has 

{E^^{x^)E,,{x2)) « £lY^\{VEl\El.El. 



X exp 



= -%i£li^^U^l(xx,xi). 



(31) 



This is still a free theory, so there is no obstruction to 
taking the limit X\ — *■ X2 and the power spectrum follows 
in the same way as the four-dimensional case. When the 
imbedded geometry is purely de Sitter n is independent 
of i, and a — e^*n, so Dkg is the same operator as □ 
on 4-D de Sitter space. Re-using the result Eq. @, one 
obtains 



fT2 
^^0 2 ■ 



(32) 



The polarizations are labeled by G {+, x } as in four 
dimensions. Because the are just constants, this is 
no more than a renormalization of the four-dimensional 
power spectrum by some function of H and [i. In order 
to make this property more transparent, it is conven- 
tional to re-write the power spectrum in terms of the 
effective four-dimensional gravitational coupling k\ by 
setting = /iF^, where F is a constant to be fixed 
by the normalisation of Eq (see Appendix). With these 
conventions, one has the simple result, 



A2, 



tt2 



(33) 



III. THE CONSISTENCY RELATION 



where the scalar E"{t,x) is independent of y, and efj is 
a constant 50(3) polarization tensor labeled by an index 



We now briefly describe how the consistency relation, 
Eq. (^), arises in four dimensions, and in the braneworld. 
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Consider four-dimensional inflation driven by some scalar 
field. The matter and tensor power spectra satisfy 
Eqs. jni and 1)14(1 . Therefore, their ratio is independent 
of Al: 



(34) 



This arises because (j) and Eat share the same action, and 
the result is that the ratio Eq. ((34|l depends only on the 
relation between H and 4>, and not on the details of the 
quantum field theory calculation leading to A^. If one 
assumes that the scalar field (f) is the only constituent 
of the universe, then H evolves with <p according to the 
equation 



(35) 



A prime denotes a derivative with respect to (j). This is 
often called the Hamilton-Jacobi equation ^ . One then 
eliminates (j) from the ratio Eq. H34() to find 



32 fH' 
IF 



(36) 



We define a tensor spectral index as in Eq. H1U|) . To 
evaluate this we endow H with some extremely slow time 
dependence owing to motion of (j) on very long time scales. 
One quantifies this time dependence by introducing slow 
roll parameters e, 77 3 defined by 



IT 



2 H" 

£=T2(tf) and V=-2-Fr (37) 



H 



and demanding that these are both small, e,ri <ti 1. One 
typically works to first order in maxje,?]}. 

On horizon scales k « aH, the differential dlogfc is 
effectively dloga since we are assuming that change in 
H is negligible in comparison with change in a. This 
approximation is expected to be good because a = e^' is 
moving exponentially fast in comparison with H, which 
assumed almost constant. We use this result to evaluate 
riT- 

With these choices, one obtains Eq. JQ. This result 
depends on the relationship between cj) and H and the 
functional form of A^. In particular, if A^ is just mono- 
mial in H, ie., A^ cx for some n, and (j) is linear in H' , 
then one will obtain a consistency relation of this type, 
with coefficient depending on the details of the relation- 
ships. 



A. The consistency relation in the braneworld 

In the braneworld, the ratio A|n/A^ is still independent 
of A'i. One can again write a relation between 4> and H , 



which is the analogue of the four-dimensional Hamilton- 
Jacobi equation. This is modified by the anti-de Sitter 
radius fj., and becomes 



2fi 



H' 



n\ (i/2 +^2)1/2 ■ 



(38) 



This means that the ratio of the amplitudes satisfies 
32^2 



A| 



H 



1 



iJ2 



(39) 



The tensor spectral index no longer depends merely on 
the functional form of A|, which is unchanged from the 
four-dimensional case, but instead receives non-trivial 
corrections from the renormalization F^. It satisfies 
(ilogA^ — 2d\ogHF. However, HF satisfies a particu- 
lar differential equation : 



dlogHF 



fiF^ 



(i?2+ ^2)1/2 



dlogH. 



(40) 



Combining nr with Eq. ((38|l and Eq. H4()|l gives back 
the consistency relation Eq. (Q. The relation Eq. H4U|) 
is derived, together with an explicit expression for F, in 
Appendix 1X1 

Although we have derived this result only for the case 
of a pure anti-de Sitter bulk with Z2 symmetry, the ap- 
pearance of the consistency relation holds rather more 
generally. In particular, Huey & Lidsey 0| have argued 
that it persists if one allows different anti-de Sitter cur- 
vatures /z<, on the y < and y > branches. 



B. The large A limit 

This coincidence appears remarkable. We have non- 
trivially modified gravity in the brane world scenario, 
but when one asks about relationships between observ- 
able parameters, the modification becomes invisible. For 
a deeper understanding of brane cosmology in general 
and to clarify the observational position, one would like 
to understand how this circumstance arises. In partic- 
ular, one would like to know whether its appearance in 
this model is in some sense accidental, or is enforced by 
deeper principles. Our claim is that its appearance is 
only accidental. 

The appearance of the consistency relation Eq. 
in the brane universe theory depends on the differential 
equation Eq. (|40|l . for which it is difficult to find any clear 
geometrical or physical interpretation. Its effect is to ren- 
der the relationship between A2 , A'^ and ut independent 
of the brane tension A which appears in the Friedmann 
equation. One approach to the problem is to consider 
the limit of very large A, where the brane is close to de- 
coupling from the bulk and one is nearly in the regime 
of four-dimensional cosmology. Physics on the brane is 
supposed to be insensitive to the value of A, which we for- 
malize by demanding that the energy-momentum tensor 
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of matter carried by the brane is independent of A. If 
this is true, then the density p does not depend on A 
either and the only appearance of the tension is in the 
Friedmann equation, as exphcitly written in Eq. I|18|) . 

In fact this is part of a more general correspon- 
dence principle, that one should recover four dimensional 
physics as the brane becomes infinitely stiff and decouples 
from the bulk. This is true for purely four-dimensional 
quantities, such as observables in any quantum field the- 
ory fixed to the brane, but it need not be true for grav- 
itational quantities. Consider, for example, the effective 
Einstein equations Eq. As A — s- oo, the quadratic 

term tt which leads to the quadratic p dependence in 
Eq. H18(l decouples, but Eab need not. This means that 
unless Eab — 0, then as one decouples the brane one need 
not see gravitational quantities such as A|, and tit com- 
puted using Eq. Hl()|) approach their counterparts com- 
puted in four dimensional Einstein gravity. 

For this reason, a useful way to look for models 
which might break consistency relation-type degenera- 
cies between brane and four-dimensional cosmologies is 
to search for examples in which observable quantities do 
not smoothly approach their four-dimensional Einstein 
counterparts as one decouples the brane. In the next 
section, we will examine such a model. 

To decide how the limit \^ co ought to be taken, one 
needs some sort of prescription for handling the mat- 
ter on S. For example, the Einstein-Klein-Gordon sys- 
tem for a four-dimensional Robertson-Walker universe 
or an imbedded Robertson- Walker universe in the five- 
dimensional case can be written as a pair of equations for 
the scalar field, 



p = + V, and p' = -3if^, 



(41) 



supplemented with an equation for the Hubble parame- 
ter, Eq. H18|l in the 5d brane case or = k|p/3 in the 
4d case. Once one specifies any one of these quantities 
in terms of the other two are determined by direct 
differentiation or quadrature, as appropriate. 

de Sitter space corresponds to a fixed value of H. In 
four dimensions, this translates straightforwardly to a 
fixed p and a fixed V . In five dimensions, the situation is 
not quite so simple; in particular, as the tension A varies, 
one must vary p and V to keep H fixed. Therefore, if one 
wishes to deal with some given four-dimensional cosmol- 
ogy and then imbed this as a brane universe, one must 
specify which characteristic, selected from _ff , p or V , is 
to be used to determine the brane geometry. The other 
two will vary with A. In the present case, we have a single 
fixed H. If one now applies a perturbation 6H(t) , then we 
fix our notion of what is the same cosmology imbedded 
on a brane by asking that one obtains the same pertur- 
bation 5H{t). This must be sourced by a perturbation 
(5p(i, A) which is also a function of A. 



IV. FLUCTUATIONS IN A PERTURBED 4-D 
DE SITTER SPACE 

In this section, we aim to calculate the power spectrum 
of a scalar field propagating over a background de Sitter 
cosmology with some first order perturbation. Let M be 
four-dimensional de Sitter space with Hubble parameter 
Hf). Consider a matter density perturbation 5p of square 
zero which induces a change 5H in the Hubble parameter. 
We wish to the calculate the power spectrum of a free, 
massless scalar field propagating on this geometry. 

The functional integral Eq. Q defining correlation 
functions in the scalar field theory is unchanged, so the 
two point function is still given by — jD"-'^, although 
□ now includes contributions of 0{5H) from the per- 
turbation. For convenience we adopt the convention of 
writing the inverse d'Alembertian as a Green's function; 
G Then G satisfies 



□ G{xi,X2) ^ 5{xi~ X2) 



(42) 



where S{xi — X2) is the covariant Dirac delta function, 
which can be written in terms of the coordinates x\ , X2 
of xi and X2 as {— det g)~^^^ JJ^ S{x\ — X2). Although 
the Green's function is symmetric between Xi and X2 it 
is helpful in calculations to adopt the convention that 
G is a function of one set of coordinates, for which we 
choose the a;*. The coordinates a;* are then considered to 
be constants. G can be solved as a perturbation expan- 
sion in SH. We write G = Go + SG, and because there 
still exist the three spacelike Killing vectors d/dx"^ it is 
useful to diagonalize G by writing it as a Fourier trans- 
form, G{x,X2) ^ Jd^k (27r)-3 Gik;t,t2)e-'^<^-^^l 
The 0(1) equation for Go(fc) is 



d 



d 



-—7; + 3Hq— H — - Go — 



•dt 



5{t - 12 



(43) 



Here the independent variable t on the left hand side is 
taken to be the t coordinate of Xi, as discussed above. 
We still write the t coordinate of X2 as t2- By making 
the transition to conformal time r defined hy dt = a dr 
and rescaling Go — > aGo, this becomes 



^3/2^0 — 



<5(r-T2) 



(44) 



The operator on the left-hand side will occur again, 
so it is convenient to have a notation for it. It is defined 
by 



p^ 1/4 



(45) 



The function Go is almost everywhere zero and so should 
lie in the space kerS^ of functions annihilated by B^. 
This is a two-parameter space of functions spanned by 
linear combinations of the form 

T{-kTf/^H^^\-kT) + Ei^kry/'^Hj^H-kT) (46) 
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for some constants T and S. The precise linear com- 
bination one chooses for Gq depends on the boundary 
conditions in the far past (t — s- —oo) and the far fu- 
ture (r — > -|-(xi). A common choice is the Bunch-Davies 
vacuum where one chooses Go to behave hke the 
Hankel function H'^^^ near r —> +00, and hke ij'^^ near 
r — > — 00. Demanding that Gq be continuous at t = Tg, 
but with a step in derivative to satisfy Eq. (|44|l gives back 
the four dimensional propagator quoted as Eq. Q). 
The 0{5H) equation is 

-J 2 



Z5H 



d 



dt 



5G 



aGo — 3 



Sa6it-t2) 



(47) 



One now follows the same procedure as above, writing 
SG — *■ aSG and changing to conformal time. The result 
is 



S3/2(5G 



fc'Go- 



da 



36H 



dGo 



a-iJoGo 



SaS{T — T2) 



J{t,T2) 



^Sa S{t - T2) 



(48) 
(49) 



We have written the non-distributional part of the source 
term, in square brackets on the right-hand side, as 
i7(t, T2). This is a useful abbreviation, but in any case 
it is convenient to work with a quite general source term 
because we will be able to reuse the result in Jvl below. 

Bf^ is a well-defined Sturm-Liouville operator for any fi 
except at r = 0. We define a set of eigenfunctions {4'm} 
of by 



3/2(1 



(50) 



which is supplemented by appropriate boundary condi- 
tions. We take the {4>m} to be defined on (at least) 
T G M^, so the boundary condition at r = —00 is ex- 
pected to be immaterial, provided the {4>m} decay suffi- 
cient fast there. At t = 0, we demand that the {4>m} be 
regular. Then a standard argument shows that 1B3/2 is 
self-adjoint on the {(f>m} and consequently that we may 
choose the {(pm} to be orthonormal for different m. Ex- 
plicitly, the appropriately normalized {(j)m} satisfy 



(bm{k,T) = (-VA;2+m2r)i/V3/2(-v/fc2+m2T), (51) 

the Bessel function J3/2 being chosen to keep the (/)„i 
regular at r = 0. 

Our strategy is to solve Eq. (|49|l by taking a transform 
in the \(j)m}- This can be thought of as the continuum 
limit 34] of an eigenseries expansion in the {4>m}, cut off 
at some limiting value r = — rumit, as rumit — >■ 00. One 
writes the term as a yB3/2-transform, 



J{k,T,T2) 



dm(l)m{k,T) / dr](f)m{k,'r])J{k,r],T2). 



(52) 



By inspection of Eq. H51() it can be seen that in fact 
this is no more than the Fourier-Bessel representation of 
J{r],Tq). We assume a solution is possible of the form 
SG{t) — J^^dm(f>.m{T)SG{m)+ elements of kerS3/2, 
where we indicate whether SG(t) or some component of 
its transform 5G{m) is under discussion by writing in the 
argument explicitly. Substituting into Eq. H49() allows one 
to solve exactly for 5G{t): 



SG{k,T) 



dm 



(p,n{k,T) / dri(j)„-,{k,ri)J{k,ri,T2) 



-3^ 

a 



Go(T,r2). 



(53) 



The term Go € kerS3/2 is chosen to represent the 5- 
function in Eq. H49|l because it trivially gives back the 
same behaviour near |r| — > 00 as Gq. We are also writing 
»/(''": ''2) only over the range t G M^, because it is conve- 
nient to define the source function in the t-frame where 
J'{t, T2) is then undefined for r > 0. 

This procedure makes sense provided the Fourier- 
Bessel transform of J exists; to check convergence of 
the integral, it is necessary to assess the behaviour of 
J{rj,T2)4>m{j]) both as 77 —00 and 77 ^ 0. 

In the rj —00 case, the (pmiv) tend to oscillat- 
ing functions of 77. In this case the integral converges 
provided 5p as 77 — > —00. The 77 — > case is 



more complicated. In this limit. 



77- 



whereas 



Goiv) ~ 77" . The first term in J' diverges like GoSa/a, 
and since 6a/ a ~ Sp/p this term behaves near 77 — > 
like a~^5p. To prevent a divergence, Sp must not diverge 
faster than a. Using the thermodynamic redshifting law 
p ^ a~'^(^+™\ where p = wp is the equation of state, 
this translates into an asymptotic equation of state stiffer 
than w — —4/3. This is satisfied for all forms of matter 
obeying causal propagation [T^ . 



The remaining two terms behave like aSp, for which 6p 
must go to zero faster than a~^ where the integral would 
be logarithmically divergent. This gives w > —1/3, 
which precludes any form of matter leading to accelerated 
expansion or quintessence-like behaviour in the late uni- 
verse, but allows any form of normal matter with w > 0. 
In particular, if one imagines Sp dying away in the infinite 
future (in the frame) as well as the infinite past, then 
the integral will be well behaved. There are no strong 
restrictions on the behaviour of Sp in the intermediate 
region between the asymptotic past and future. 

One can now assemble Go and SG to construct the 
full two-point function, restoring the necessary factors of 
gjfc p g^j^^ integrations over k. We let Xi approach 

X2, which gives 



-iG{xi,Xi) — Hqt 



d^ 



Wik,T,T2) (54) 
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where 

W{k,T,T2) 



dm 



cj)m{k,T) / dr](prnik,r])J{k,ri,T2){55) 



if T > r2 and the same expression with H^}^ and Hy!^ 

interchanged if t < T2. L*^^'^^(2:) is defined by Eq. (O 
in Section 111 Al as before. To find the power spectrum 
one lets r approach T2 and takes a logarithmic derivative 
with respect to k. The result is 



taken to satisfy the expansion law for the on-brane cos- 
mological scale factor. One would relabel this quantity 
Ub in the brane case. 

The case of gravitational waves is not the same. In a 
general geometry, the graviton wave operator □ 

Bw cou- 
ples the t and y dependence of the graviton fc-modes, so 
that an explicit solution is extremely difficult. One can 
always work on the brane universe in black hole coordi- 
nates [23, 13 ' where the metric is explicitly stationary, 
and one recovers ordinary differential equations. Unfor- 
tunately, the boundary conditions are non-trivial to ap- 
ply. In this section we make progress by a different route. 

We begin by rewriting the general formula Eq. (|21|l for 
n(t, y) in terms of H', where 



47r/fc3 
(2^ 



-HoTWik,T,T). 



(56) 



To take the fc ^ limit, one needs to know the be- 
haviour of i/(r/, r) at small k. The term proportional 
to SH vanishes, because dG/dt vanishes on large scales, 
leaving only the first term which comes from perturbing 
the Laplacian. As a result, 

.fe-.o„ ^zfc 23r2(2/3) 
Substituting this into the limiting form of Eq. (|56|) gives 



£0 
2tt 



1-3^-^ 
a T 



, m 



where we define a new set of functions {4>m} to be the 
fc — > limit of the eigenfunctions {(j^m}- To achieve this 
result, we have evaluated the answer on the horizon scale 
k = aH = -1/t. 



V. GRAVITATIONAL FLUCTUATIONS IN A 
PERTURBED BRANEWORLD 

We now aim to repeat this calculation in the 
braneworld. As before, we consider a de Sitter brane 
with Hubble parameter iJg immersed in anti-de Sitter 
space and allow small fluctuations 5p in the matter den- 
sity. However as discussed above these fluctuations are 
taken to vary with A in such a way as to keep 5H the 
same. We define this to be our notion of the 'same' per- 
turbation in the brane world and in four dimensions. 

Firstly, consider some scalar field (f) propagating over 
the brane E. The operator □ appearing in the scalar field 
action is the same as would arise in the four-dimensional 
case, so the theory is the same as Eq. (|42f) and the result- 
ing power spectrum satisfies Eq. H58|l . provided that a is 



2fi 



(59) 



Since H cx i?'^, if we perturb around the de Sitter so- 
lution, the term H' = SH squares to zero. Hence, for 
a perturbed de Sitter brane, we still retain n = a/ai,. 
We emphasize that this is only true for perturbations 
around de Sitter space supported by a scalar field where 
the background H satisfies H' = 0. When calculating 
spectral indices we will again endow H with very weak 
time dependence, but for the purposes of the calcula- 
tion presented in this section the background H is to be 
regarded as fixed, in analogy with the four dimensional 
calculation of A^. 

Let us write the metric functions a and n as in 

Eq. iini)-(Eii, 



(58) 



= ^ 2M(y„ -y)-l] (60) 

and a(t, y) = ai,{t)n{y) where af,{t) is the scale factor on 
the brane. Under a variation H 1-^ Hq + SH, the function 
n{t, y) becomes 



n{t,y) 



Ho J V2/i 



1 + ^1^ [cosh2^(y,, + 5yh - y) - if , 

(61) 

since the horizon location yh in principle depends on 
time. However, the variation in yh can be safely ignored, 
because the small term 5yh vanishes inside cosh, that is, 
cosh(Xo -!-£) = coshXo -t- O(e^) for any Xq and small 
quantity e. Therefore, one may still take the effective 
horizon to sit at y = y^ and write 

r rr 

n{y)^{l + 6)no{y), 6=— (62) 

-no 

where no{y) is the unperturbed function Eq. (|60|l . The 
metric is ds'^ = rig c?s| + dy^ , where 



dsl = (1 + 5Y [-dt^ + (ob + 6abf5ij dx' dx^ 



(63) 



This guarantees that Dkg and Dy separate, and under 
these circumstances Oy depends only on y. The opera- 
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tors Dkc; and Dy take the explicit form 




(64) 



The operator Dy is again an honest Sturm-Liouville op- 
erator. We consider weighted eigenfunctions of the form 



The 0{5H) equation differs from the four-dimensional 
case Eq. (gHJ- It is 



2k^G^-^ -(3SH + 2I) ( - a'HoGo 

Of, V / \ OT 



at ) a-b 

\ ab J at 



(68) 



(65) 



The Sa are chosen by fixing the derivatives to vanish 
at J/ = and y = yh', with this choice, they can be made 
orthogonal in the inner product (£„ | Sp) = J d^{y) S^£p 
as before, where d^{y) — n§ dy. In particular, the nor- 
malization F of the £0 eigenfunctions depends only on 
Hq and not SH, because Dy does not see the perturba- 
tions: it is the same as the unpertuebed operator. The 
gravitational action, after decomposing into 5*0(3) po- 
larizations, is equivalent to a certain number of copies of 
the scalar field action, one for each polarization state of 
the graviton. The action is (cf. Eq. (|30|l ) 



(66) 



where the integration is in the metric (is| and all func- 
tions no(y) have disappeared. 

The important feature here is that Eq. (|66|l is not 
the same as the action for a perturbed four-dimensional 
scalar field. Some structure left over from the higher- 
dimensional graviton operator (O^Q/n?) + Dy is still vis- 
ible, which modifies the result. 

Consider the massless a = mode. Just as in the 
unperturbed case, this is the important contribution for 
perturbations generated during inflation. The higher 
Kaluza-Klein modes with a > 3H/2 are heavy in the 
sense that their fluctuations are not amplified, so they 
may be discarded to a good approximation in this anal- 
ysis. The Green's function G satisfies 



1 



:DKaG{xi,X2) = (54 (xi - X2) 



(67) 



with the delta function in dsj^. As before we seek 
to solve G as the Fourier transform G{k,T,T2) of a per- 
turbation expansion G = Gq + 5G in SH. We change 
to conformal time r and write Gq — > abGo. The 0(1) 
equation is B3/2G0 = S{t — t2)/ao- (When writing 
ab, we always mean the unperturbed ab which satisfies 
ab = e^°* = —{Hot)~^, with r the unperturbed confor- 
mal time. Variations in ab are explicitly written as Sab-) 
This is the same as Eq. (|44|) for the unperturbed four- 
dimensional Green's function, and so shares the same 
solution. 



Nonetheless, this expression has exactly the same struc- 
ture as the four-dimensional problem: the operator on 
the left-hand side is B3/2, which permits a solution for 
6G as a transform in the eigenfunctions of 33/2- The 
right-hand side takes the form of some source term 
and a contribution proportional to (5(r — T2). The differ- 
ence lies in the explicit form of J' and the coefficient of 
the (5-distribution. 

The solution of Eq. H68I) therefore comes out to be 



5G = 



dm 



— TO 

,5ab 

ab 



2'?!'m(T) / dr] J{r],T2)(j)m{v) 

J —00 

+ 2dg]Go{T,T2). (69) 



The conditions for the or Fourier-Bessel transform 
to make sense are the same as the four-dimensional case; 
in particular, Sp must vanish as 77 ^ —00 and obey an 
equation of state p = wp with w > — 1/3 as r/—!- 0. There 
is very little loss of generality in assuming that Sp dies 
away in the asymptotic future as well as the asymptotic 
past. 

One now writes the full two-point function in a manner 
analogous to Eq. 154() and takes the limit xi X2 to give 
a power spectrum. This part of the argument involves 
manipulations very similar to those leading to Eq. I|58|l . 
so we do not write them out explicitly. One then takes 
the large scale limit k ^ 0. The source function J' obeys 
similar asymptotics to Eq. (|57|l : in particular, terms aris- 
ing from dGo/dt vanish, so the terms involving SH and 

S disappear. Therefore, one has 



Ho 
2ti 



dm ^mir) 



^Sob 
ab 



25 



dr;^^K70) 



■n 



ab 



This is the power spectrum, as seen on the brane, of grav- 
itational waves excited during the perturbed infiationary 
epoch. 

Eq. H70() has the important property, alluded to in the 
introduction, that as A — > cx) it does not go over to the 
corresponding four-dimensional form A^^^. This is be- 
cause the contribution 5 = SH/ H does not vanish as 
A CO. 
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VI. CONSISTENCY RELATIONS ON 
PERTURBED BACKGROUNDS 



One does not expect that a relationship between ob- 
servable quantities of the form A|,/A^ oc nx should hold 
for either of these perturbed universes. In any case, this 
relation is only true to first order in the slow-roll expan- 
sion and is known to receive corrections of a different 
functional form at next-order |^. For this reason, it is 
clear that the consistency relation as we have written it 
here, as direct proportionality between the ratio of 
and A^ and the tensor spectral index tit, is only an ap- 
proximation to whatever exact connexion exists between 
A|n, A^, riT and n^. In particular, the next-order re- 
sult involves all four observable quantities. However one 
can meaningfully ask about the manner in which this 
approximate relationship is broken by introducing a per- 
turbation 5H . 

For the purposes of this section, it is useful to recast 
the results Eq. (|^ and Eq. (fzH)! for the power spectra 
A|, 4 and A|, 5 in a slightly different form, by making 
the prefactor involve the full perturbed H rather than 
its fixed background value Hq. This corresponds sim- 
ply to including a contribution —25H/Hq in the 0{5H) 
terms. In fact, for the argument we are about to make 
the detailed form of these terms is not important so we 
will denote them collectively just by 7. Then, comparing 
Eq. ^ and Eq. fZlUl . 



2^) (1 



-7) 



(71) 



and 



(1+7-25). 



(72) 



Let us assume that the scalar field <^ dominates the en- 
ergy density of the universe. The matter power spectrum 
still [231 satisfies A^ — (iJ/(/))^ A| in the four-dimensional 
and brane case equally, where A^ is given by Eq. (|55|l . 
Here, we assume that H includes corrections owing to the 
perturbation bp in the density, which might be sourced by 
some perturbation (50 in the scalar field. However, we will 
continue to assume that the four- and five-dimensional 
Hamilton-Jacobi equations Eq. and Eq. hold, 
with H including contributions of 0(8 p). The tensor 
power spectrum in the four-dimensional case is given by 
an identical expression to its unperturbed counterpart, 
namely A^ 
stead 



?k|A^. In the brane world, one has in- 



(73) 



as can be seen by inspection of Eq. (|71|l and Eq. (|72ll . 



Then the ratio A|, / A? takes the following form: 



A2 

A2 
A2 
A2~ 



32ir2 
~1p 



32//^ 



1 



1 - 2(5 



(74) 



As noted above, we are assuming that (p and H are re- 
lated by perturbed versions of the Hamilton-Jacobi equa- 
tions, and H should be expanded as H = Hq + SH. 
This procedure is rather approximate, but one is already 
obliged to introduce approximations into the calculation 
when differentiating with respect to log fc, and controlling 
each of these estimates is not trivial. As discussed above, 
neither of these ratios are now equal to their respective 
tensor indices ut- 

Let us deal with the four dimensional case first. In any 
event, we need an expression connecting observable quan- 
tities in four dimensions with which to compare any such 
connexion in five dimensions. In fact, it is no longer easy 
to write down any connexion between the four principal 
observables A^4, A^ 4, nT,4 and By differentiating 
Eq. lO and the expression A^ 4 = ((/)/i7)2A^ for A^ 
one can find the spectral indices. They are. 



(A 



4 fH' 



d\og k 



and 



1 



li 



4 H" 



(75) 



(76) 



K4 H d\ogk 

All of these expressions are assumed to be taken at 
first order in the slow-roll expansion, and first order in 
7 = 0{5H). Where products of two or more slow-roll pa- 
rameters appear, or a product of a quantity at 0{5H) and 
a slow-roll parameter, they are assumed to be discarded 
together with contributions of 0{5H^). To express nT,4 
in terms of the other observables, one must find some 

way to eliminate d'y/d logfc. This quantity looks like a 

1/2 

contribution of order (slow roll) ' x 0{SH), so we do not 
discard it. (Because of this, one can regard our result as 
a kind of 1^-order expansion.) Since 7 involves a partic- 
ular Fourier-Bessel transform of the quite general source 
function J' (or J7), which does not appear in any other 
quantity such as H, it would appear that the only way of 
eliminating it is to introduce ?i(^,4- The terms involving 
H'/H can be rewritten using Eq. 174|l . but there is no 
way of rewriting H" / H using only the observables under 
discussion. 

To circumvent this difficulty requires the introduction 
of extra observable parameters with which to broaden 
the range of quantities we can express using them. In 
the present case, it is most convenient to introduce the 
running rT,i of the tensor spectral index which was de- 
fined in Eq. l(Tn|l . This satisfies 

. A|,4 (H" H'^\ d^^ 
'^4 \H H^J^ d[logk]^'- 



TTA 



(77) 
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The second derivative of 7 is of order an 0{SH) term mul- 
tiplied by a slow-roll parameter, so it can be discarded at 
the order to which we are working. Combining Eq. H77|l 
with Eqs. H75|) - H7()|l allows us to write an expression for 
nT,4 involving only quantities which are in principle ob- 
servable: 

"^^^ 16 AfX + ("'^■^ - + 2^ Aj;- 

We write an approximate equality w to indicate that 
this result is true only to first order in a combined slow- 
t:o\\/0{5H) expansion. 

The principal result of this paper is that no such com- 
parable relation between observational quantities exists 
in the brane world. One can again obtain spectral in- 
dices using the usual argument; for example, the tensor 
spectral index satisfies 

kI \h) + ^ dlogk ^ dlogk' 

(79) 

This involves an extra 0{SH) correction d6/d logfc. One 
can write similar expressions for n^^5, rx^5 and so on 
which we shall suppress because of their complexity. 
However, none of these quantities contains any counter- 
term with which one could balance the dd/d logfc ap- 
pearing in Eq. H79|l . This is because no such contribution 
occurs in the ( quantities, and higher derivatives of 71^,5 
will not contain SH at first order: as in four dimensions, 
second derivatives of 7 and SH are at second order in the 
slow-roll/0((5iJ) expansion. Thus it is quite impossible 
to write any relationship between observable quantities 
which respects Eq. (|75|l . 

This is a rather stronger statement than that the four- 
dimensional consistency relation no longer holds in the 
brane world: rather, we have shown that there is no con- 
sistency relation at all, involving nx, that holds in this 
universe. This means that all four observables n,^, ht, 
and as well as any running in them are inde- 
pendent. We consider this as a kind of manifestation of 
the well-known result that the four-dimensional cosmo- 
logical perturbation theory does not constitute a closed 
system: one needs extra information about the behaviour 
of the bulk. The change in the behaviour of gravitational 
quantities is a result of an off-brane effect which cannot 
be reconstructed in terms of purely brane-based observ- 
ables. 

Although we have exhibited this property only in a sin- 
gle example model, we expect such behaviour to be quite 
generic. We would like to stress that not only can one not 
write a consistency relation for the brane world at finite 
A, no such consistency relation exists as A ^ 00 either. 
This is because the 6H/H contribution which gives trou- 
ble does not disappear in this limit; it is a consequence 
of the fact that A|, g does not approach A|, ^ as A — > 00. 



VII. CONCLUSIONS 

The brane universe offers the prospect of reproducing 
four-dimensional physics from string vacua without the 
necessity of compactifying extra dimensions on Planck- 
sized manifolds. One would like to investigate the pos- 
sible consequences of scenarios of this type: apart from 
signatures in the particle physics sector, the other major 
high energy laboratory in which one could conceive of 
observing such consequences is the early universe. So it 
is important to study the implications of early universe 
cosmology in the brane world scenario. 

In this paper, we have developed a perturbation expan- 
sion for the gravitational wave modes around the pure de 
Sitter case H — constant. This perturbation series can be 
used in the brane world and in four dimensional equally. 
We use this technology to calculate the power spectrum 
of scalars and gravitational waves as seen on the brane, 
or in four dimensions, and write a consistency relation 
in the four-dimensional case. We also show that no such 
consistency relation exists in the brane world. 

This analysis confronts a troubling feature of the 
brane world model: it predicts an identical observa- 
tional degeneracy in comparison with the conventional 
four-dimensional cosmology. We have shown, by an ex- 
plicit calculation, that degeneracies of this type are not 
generic. If one takes a four-dimensional cosmology ex- 
hibiting some degeneracy, then one should not expect, in 
general, for this degeneracy to remain when one the four- 
dimensional cosmology as a brane. This result is impor- 
tant; a complete degeneracy would hinder any attempt 
to observationally reconstruct the inflaton potential. 

Our calculation relies on exploiting a technical device 
to calculate the tensor power spectrum in a model per- 
turbed around a de Sitter brane carrying a single scalar 
field. This extends the range of models in which one 
knows how to solve for the spectrum of gravitational 
waves produced during an inflationary epoch. This is 
a hard problem, whose complete solution is not yet un- 
derstood (but see Ref. for a calculation of the tensor 
spectrum in the case where the brane carries a large N 
GET, using the AdS/CFT correspondence). Our method 
will not easily generalize to full case of arbitrary time evo- 
lution on the brane, but may suggest future directions in 
which to proceed. One such possibility is to study the 
brane universe in explicitly static Schwarzschild-Anti de 
Sitter (SAdS) coordinates, where there is a holonomic 
timelike Killing vector d/dT. The graviton field equation 
is then independent of T and becomes an ordinary differ- 
ential equation, similar to the Regge-Wheeler equation 
of black hole perturbation theory. The brane appears 
as a Neumann boundary condition applied to what is 
effectively a moving mirror, and it is possible that this 
framework is accessible to analytic attack. Our calcula- 
tion does not yet include back reaction from other fields 
on the brane, so it not general enough (for example) to 
include other types of matter, or to generalize to a second 
order result. 
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We have argued that one can associate the persistence 
of a consistency relation with the property that A|, g (and 
therefore riT.s) goes over to its four-dimensional counter- 
part as one decouples the brane from the bulk by tak- 
ing A ^ oo. This property holds for the exact de Sit- 
ter imbedding but need not hold for more general cos- 
mologies. The central feature of this correspondence is 
that the relationship between observables on the brane 
is independent of the tension A, and so is guaranteed 
to match the four-dimensional result. This property is 
enforced by the differential equation (|40() . We exhibit di- 
rectly a solution corresponding to a marginally perturbed 
de Sitter geomety for which 5 does not approach its 
four-dimensional counterpart in the decoupling limit, a 
consistency relation does not exist, and the relationship 
between observables is not A-independent. 

One might worry that our analysis involves a small 
perturbation propagating on top of an inflating universe. 
By the usual inflationary arguments this perturbation 
should decay exponentially quickly as inflation proceeds, 
and become negligible. Although this is true, we conceive 
of the perturbation as a probe of gravity's behaviour in 
the two cosmologies, regardless of its absolute magnitude. 
Because we did not specify how the perturbation to the 
four-dimensional cosmology carried by the brane was to 
be sourced, one can possibly imagine it to derive from 
bulk effects, such as an impinging gravitational wave. 
The comparison four-dimensional calculation should then 
be understood as a formal device. Alternatively, it is sim- 
ple an imbedded cosmological model in some open neigh- 
bourhood of the exact de Sitter solution. However one 
interprets the calculation, however, the underlying prin- 
ciple is the same: one does not recover four-dimensional 
quantities after taking A to infinity. 
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is the zero- mode of Dy. The £a are normalized in 
the Sturm-Liouville measure arising from Dy, that is, 
2 J dy n'^ SaSfi = Sap- The factor of 2 has been added to 
take account of the other branch of the orbifold, since we 
work on ?/ e [0,?/h]- Because the £q are independent of 
y, this just says 2fj,F^ J dy ^ 1. 

It is easy to evaluate this integral directly, but for the 
purposes of obtaining Eg. H4U|I, it is convenient to employ 
the relation n' = — ^/ff^^+fxhi? which arises from the 
Einstein field equation. In that case, the normalization 
requirement depends only on the integral of the purely 
geometrical quantity n. 



n dn 



1. 



(Al) 



This does not depend on a detailed knowledge of the 
form of n, except through n' . Here /i is the ratio 
of the four- and five-dimensional gravitational couplings 
and £ is the AdS radius, which in the case of vanishing 
four-dimensional cosmological constant equals /i. This is 
the case throughout the main body of this paper. One 
now makes a trigonometric substitution to evaluate the 
integral. The result is 




—arc smh- 



(A2) 



If /i = ^ then this result agrees with Refs. [Ulig. To 

derive Eq. H40() . one can differentiate this result directly, 
but it is easier to proceed as follows. Multiply Eq. (|A1|I 
by and differentiate logarithmically. One finds, 



dlogHF . d 



n dn 



1. (A3) 



It is now easy to differentiate under the integral sign, and 
integrate the resulting expression. That gives 



n dn 



1 



1 



(A4) 



APPENDIX A: THE NORMALIZATION 
FUNCTION F 

In this section we sketch how the normalization func- 
tion F and the central differential equation Eq. H4U|I are 
obtained. 

One defines F to satisfy 2fiF'^ — £q, where £0 



Substituting this into Eq. (|A3I) gives the result Eq. 14011 . 
This relation was first noticed by the authors of Ref. . 

Because the normalization integral does not involve in- 
tegrating over a solution to the field equation D(p — 0, 
one can interpret this result as a statement about the 
dependence of the metric gat on the initial conditions 
prescribed on the brane. 
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